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Introduction: In this paper, we are to derive the generalized formula to compute all the important 
parameters like V-cut angle (using HCR’s Theorem), edge length of open end, dihedral angle (using HCR’s 
Corollary), surface area and volume of pyramidal flat container with regular polygonal base, right pyramids and 
polyhedrons. We will apply these generalized formula to compute important parameters & make paper 
models of the pyramidal flat containers with square, regular pentagonal, hexagonal, heptagonal & octagonal 
bases, right pyramids and polyhedrons. The concept of making pyramidal flat containers, right pyramids and 
polyhedrons (bi-pyramids) is mainly based on the rotation or folding of two co-planar planes about their 
intersecting straight edges (as discussed in details and formulated in HCR’s Theorem) 


In brief, the procedure, of making pyramidal flat container, right pyramid or polyhedron using sheet (of desired 
thickness) of paper, polymer, metal or alloy which can be easily cut, bent & butt-joined at the mating lateral 
edges, is based on the following steps 


1.) Making drawing on thin sheet of paper (we can also use sheet of polymer, metal or alloy) 

2.) Cutting and removing undesired parts from sheet-drawing to get a blank 

3.) Bending lateral faces (trapezoidal in case of flat container and triangular in case of pyramid) about the 
edges of regular polygonal base 

4.) Joining the mating edges of lateral faces (gluing in case of paper, welding in case of polymer, metal or 
alloy) 


In above procedure, the most important step is to make drawing accurately & precisely on the sheet of desired 
material & thickness preferably sheet of paper is most suitable for making accurate drawing. We will discuss 
the procedure & the drawing in details in later stages. 


Pyramidal flat container with regular n-gonal base: Let’s make a i. ae 
right pyramidal flat container of slant height I (i.e. distance between parallel Bp. % a B 
sides of a lateral trapezoidal face), with a regular polygonal base with n no. of % " Xt e 
sides each of length a such that each lateral trapezoidal face is inclined at an a \ la - 
angle @ with the plane of base. a mat Say Ay 

Bf VA aad \ NB: 
Let’s draw a circle of radius r circumscribing the regular n-gonal base a oot 

©) 


A,A,As3 .......Ay,-1A, of each side a. Draw a bigger concentric circle of radius 
R & extend the straight lines joining the vertices of inner regular n-gon to the 
centre O so that these lines intersect outer big circle at points 
B,, Bz, B, .......By,_1 & B,. After joining these points (vertices) we get 
another big regular n-gon B, B, Bg ... ....B,_1B,. (As shown in the fig-1) 


Now, interior angle (a) of regular n-gon, 
Figure-1: Inner and Outer circles of radii r&R 


circumscribe the inner regular n-gonal base & outer 


21 
n— 2) —<A,OA a TU regular n-gon. MN = slant height = I 
pee a 24,0 = <n,0n =< %4e Ce) _t 8 8 5 


Drop a perpendicular from con-centre O to the parallel sides A,,A, & B,B,. 


Copyright©3-D Geometry by H. C. Rajpoot 


Application of HCR’s Theorem & Corollary 


In right AOMA, (see fig-1 above) 





MA tm a/f2 a C 
sin_=<A,0M = => sin-=— Tr = =cosec— & 
OA, n 
a 
t ae > OM =~ t— 
an = OM ec 


a 
- ON =O0OM+MN = 5 cot +] (since, MN = slant height = 1 ) 
Similarly, in right AONB, (see fig-1 above) 


a 7U 
= > —- = 
COS 1 B, COS R 


a TU TU 
R ==cosec 7 +l sec a7 (value of R gives the size of circular sheet to make desired container ) 


Since each trapezoidal lateral face of pyramidal flat container is 
inclined at angle @ with the plane of regular n-gonal base hence we 
need to cut V-part (included angle 6) symmetrically from each vertex 
of inner polygon such that 6 is bisected by radial dotted lines (as 
shown by shaded area in the figure-2). 


Derivation of V-cut angle (6): V-cut angle 6, required to cut remove 
V-parts and rotate two co-planar planes (i.e. trapezoidal faces) 
A,B,B,,A, & A,B, BA, (initially intersecting at common edge A,B,) 
through an angle @ about their straight edges A,A, & A,A> 
respectively intersecting each other at an angle a@ so that their new 
edges A,P &A,Q respectively coincide at A,A’,, is given by HCR’s 
Theorem as follows 





Qa 
= =i ie 
6 = 2tan (sec 6 tan 5) Figure-2: 6 is V-cut angle of V-parts which is bisected by 


radial dotted lines joining the vertices of regular n-gons to 
Setting the value, a = cae Ee we get the centre O. The shaded area is to be cut removed from 
sk big circle of radius R. QS is the edge length of regular n- 

gonal open end of pyramidal flat container 


—2 —2 
6 = 2tan 1 (seco tan a) — Ceo 


2n n 
= 2tan“* (secé tan(S—"))—2 +— 
= 2tan“* (sec cot=) — r++ — 
=2cot-*(cos@tan=)—m+—" (since, tant x = cot-*-} 
27 


us 1 us . 1 Ht 1 
=? (= — tan” (cos 8 tan —)) —T+— (since, cot *~x =—-—tan x) 
2 n n 2 
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U 21 
= 7 —2tan + (cos @ tan—) —-nt7+— 
n n 


= = — 2tan7! (cos d tan -) 


Hence, V-cut angle 6, required to cut remove V-parts & rotate each two co-planar planes about their 
intersecting straight edges i.e. edges of regular n-gonal base of pyramidal flat container, is given as 





Derivation of edge length (a, ) of regular n-gonal open end of pyramidal flat container: QS is the 


edge length of regular n-gonal open end (see above fig-2) 


From figure-2 above, 

ree a TU 7 ~™ a TU 
= -cosec — sec— — =cosec— 
a <7 n n 2 n 


1 
A,B, =lsec i; 


In AA, PB, (See fig-2 above), 


= PA Q 6) —< PB,Q a Vv (n —2)a 
= a= 


Sa =_-— = SS — 


Now, using Sine rule in AA, PB, (See fig-2 above) 


PB, tsCAYGB, 


1 
PB, lsec— 


sin? - sin (x —¥- 9) 





6 
_l sec— —sin= 


ai aA 
ae a (3 + sin (“48) 





"3-9) 


n 
sin(*) 





_ sec— si 
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= 1 sec— cost 8 EF) 2 
> sin (FS) 
_ a 
PB, = I sec— eo —2.__ sav deeeen esac cl) 
mo * tan (=~) 


Now, from HCR’s Theorem, we know that V-cut angle is given as 


6 = 2tan™? (sec @ tan =) —a 


a+ 6=2tan?+ (sec tan=) 


at+o 
2 


ato 
tan 


Setting above value of tan (=) in eq(1), we get 





= tan! (sec @ tan =) 





jomened 
= Sec a> 


a 

IU a sins 
PB, =lsec—| cos= — ————; 
n sec @ tan > 


. a a 
IC a sing cos 0 cos 5 
= 1sec—| Cos 2 = ————— 

n 2 sin 


= | sec~(cos= —cos@ cos) 
7 n 2 2 


tT a 
= 1 sec—cos—(1—cos@) 
n 2 


TU n—1)1 
ee aaa eee 
n 2n 
l ™ 
= —cos(———)(1-cos@) 
cos— (5 = 


l 
— TC 
COS— 
n 





1 
sin—(1 — cos @) 
n 


TU 
= 1 tan—(1 —cos@) 
n 
From symmetry in fig-2 above, we have 
TU 
SB, = B,Q = PB,=! tan- (1 — cos 8) 


In right AOEB, (See figure-3 below) 
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| BLE a BE . 
sint=< CA,B, = OB, => Lg => => B,E=R be 
a TU 1 . 1 
B,E = ( =cosec—+l sec —) sin— (setting value of R) 
Z n n n 


eee | ere 
1 ~ 5 ae 


a Tl 1 
. B,B> = 2B,E = 2(5+ Itan—) =at 2itan— 


Figure-3: This is a part of figure-2 
above. A,QSA, is trapezoidal face of 
pyramidal flat container after cut- 
removing undesired area 


= B,B, — 2B,Q (since, SB, =B,Q ) 


1 1 
=a+2Iltan——2 ( tan—(1 - cos6) 
n n 


TU TU TU 
=a+ 2ltan—-— 2ltan—+ 2lcos@ tan— 
n n n 


10 
=a+2Ilcos@ tan— 


Hence, the edge length (a,) of regular n-gonal open end of pyramidal flat container, is given as 





Now, make the V-cut angle 6 at each vertex of small regular n-gon such that 6 is 
bisected by radial dotted line (as shown in fig-2 above) & mark V-parts and 
undesired area of big circle with radius R (See fig-2 above) 


After cut-removing undesired area from big circle we get a blank of paper (as shown 
in the figure-4). Then, each of trapezoidal faces is rotated about the edges of regular 
n-gonal base A,A,A3.......A,_,A,, until their new edges (generated after cutting V- 
parts) coincide with one another. Then butt-join the mating lateral edges using 
suitable adhesive to get a desired pyramidal flat container (as shown in fig-5 below). 





_ Figure-4: Blank of paper sheet after cut- 


Derivation of dihedral angle (@,,) between trapezoidal lateral faces of 


pyramidal flat container: The dihedral angle 6, between two cut planes (as shown 
in fig-4) rotated through an angle @ about their straight edges intersecting each other 
at an angle a so that their new edges coincide, is given by HCR’s Corollary as follows 


Oa ind a 
os = sin 5 


, =—Z 
Now, setting the value a = woe 


in above formula, we get 
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removing undesired area from big circle 





Figure-5: Top view of flat container after 
rotating lateral faces until their new edges 
coincide. Ex. new edges PA, & QA, 
coincide at A’, A, (i.e. lateral edge) 


Application of HCR’s Theorem & Corollary 


(n-—2)n 


Oa 
cos — = sin@ cos 
2n 


cos 4 = sin @ cos (5 — -) 


Oa _ iW 
cos— = sin@ sin— 
2 n 


6, =2cos* (sin 6 sin =) 


Hence, the dihedral angle (@,) between any two consecutive trapezoidal lateral faces of pyramidal flat 


container, is given as 





Special case: If the trapezoidal lateral faces are rotated through right angle i.e. @ = 90° then the dihedral 
angle 6, between the consecutive lateral faces of pyramidal flat container is given as follows 


1 Tl tT 1m (n-—2)n 
= -1/.: Oot \ = -1fey,_)e —1 ~__)\)e 
0, = 2cos (sin 90° sin ~) 2 COS (sin ~) 2 cos (cos (; -)) Z e= ~) = ; 
Derivation of length (L) of each lateral edge of pyramidal flat container: The trapezoidal ee, 
lateral face A,QSA, with parallel sides a&a, at a normal distance | is shown in fig-6. Drop 
perpendiculars A,C & A,D from vertices A, & A, to the QS to get two congruent right triangles by 
symmetry. Let A,Q = A,S = edge length = L. Now, we have (See fig-6) 








Ay —-a 
QC = DS = 
Figure-6: Trapezoidal face of 
pyramidal flat container. 
Using Pythagorean Theorem in right AA,CQ as follows A,Q = AS = edge length = L 


(A,Q)* = (QC)* + (A, C)? 


J (QC)? + (A,C)? 


A,Q 


(=) 





- (1)? 






1 2 
a+2lcos@ tan>—a 


5 + [2 (setting the value of a,) 


TU 
= |l*cos*@ tan? 7 + [2 


TU 
= 7 F + cos*@ tan*— 


Hence, the length (L) of each lateral edge of pyramidal flat container, is given as 


TU 
L=l 1 + cos?6 tan? — 
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Derivation of surface area (A,) of pyramidal flat container: We know that pyramidal 
flat container has a regular n-gonal base A, A,As3 .......A,_,A,, with each side a (see regular 
n-gonal base in fig-7) and each of its lateral faces as a trapezoid with parallel sides a & a,at 
a normal distance | (See trapezoidal face in fig-8 below). 





Drop a perpendicular OF from centre O to the side A, A, which bisects angle — Fogure-7: Regular n-gonal base is 
‘ divided into n no. of congruent 


In right AOFA, (see fig-7 above) ISOSeeles THENBIES 


mt a/2 a 
cot—-=—— > OF ==cot— 
n 2 on 


The area of isosceles AOA, A,with base A, A, = a & normal height OF = 5 cot 


i a 
= —(a) (5 cot—) = —cot— 
n 4 n 
Since regular n-gonal base is divided into n no. of congruent isosceles triangle hence area of regular n-gonal 


base of pyramidal flat container 


. a nm\ 1 , 
= n(area of isosceles AOA,A,) = n{ —cot— ] = —na‘cot— 
4A, n 4 n 
K—____-@;____»y 
Now, the area of trapezoidal lateral face A, QSA, with parallel sides a & a, at anormal distance! @ : 1 : 





(see fig-8) 






Figure-8: Trapezoidal face of 
pyramidal flat container 


1 
=5 (sum of parallel sides) (normal distance) 


1 

=Fat a0 

==( + aa Dieos a4 =) 
~ 5 a a COS oa 


=I(atlcos@ tan—) 


Since the lateral surface of pyramidal flat container consists of n no. of congruent trapezoidal faces, hence 
total area of lateral surface of pyramidal flat container 


= n(Area of trapezium A,QSA, ) 
TU 
= nl (a +lcosé tan—) 
n 


Now, total surface area of regular n-gonal base and lateral surface 


1 TU TU 
=-—na’*cot—t+nl (a + 1cos@ tan—) 
4. n n 


Hence, the total surface area (A,) of pyramidal flat container (base +lateral surface), is given as 
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Derivation of volume (V) of pyramidal flat container with regular n- 
gonal base: The pyramidal flat container is actually a frustum of hollow right 
pyramid with regular n-gonal base. If we extend the lateral edges of pyramidal 
flat container, they intersect one another at point P (apex) & thus we get an 
imaginary hollow right pyramid with regular n-gonal base of each side a, & 
normal height H (as shown in the fig-9). Let 0,0 = h be the normal height of 
pyramidal flat container. 


Drop a perpendicular from apex P to the planes of regular n-gonal ends of 
container which passes through the centres O & O, . Join the centres O & O, 
to the vertices of respective regular n-gons by dotted straight lines (As shown 
in the fig-9) 


In similar right triangles APO, B, & APOA, (See fig-9) 


PB, 0,P 


a ee ¢ 
PA, OP ) 


In similar isosceles triangles APB, B, & APA,A, (See fig-9) 








Pea ae Pah (II) 
PA, A.A, apes aaees 
Equating (I) & (Il), we get 
O,P BB, 
OP A,A, 
H Qa 
H-h a 


aH = a,H — a,h 


a,h 





a, —a 


(a + 2lcos@ tan) h 


a+2lcos@ tan=—a 


h (a + 2lcos@ tan) 


2l cos @ tan 
n 


a 


H=h(1+> 


TU 
sec@ cot —) 
n 





i ee 


Figure-9: Lateral edges of pyramidal flat container 
are extended to intersect at point P to get an 
imaginary hollow right pyramid of height H 


(setting the value of a,) 


Above is the general formula to compute the height of imaginary hollow right pyramid complementary of 


pyramidal flat container. 


Copyright©3-D Geometry by H. C. Rajpoot 


Application of HCR’s Theorem & Corollary 


The volume (V) of pyramidal flat container with regular n-gonal base will be equal to the difference of volumes 
of big hollow right pyramid of normal height H & small hollow right pyramid of normal height (H — h) (see 


above fig-9), is given as 


1 1 
v= 3 (Area of regular polygon with side a,)(H) — 3 (Area of regular polygon with side a)(H — h) 


1/1 1 1/1 
3 (- na, cot =) i 3 =(3 4 na* cot =) (H —h) (area of regular polygon derived above in fig. 7) 
n 
<5 cot—-(a,2H — a?H + ah) 
~ 12 
n 
75 Cot— — ((a4? —a?)H +a?h) 
~ 12 
~ ote ((« + 2l-cos@ tan ay — a’) h (1 + ~ sec é cot—) +a*h (setting values of a, & H) 
12 nN n 2l n 1 
= sp (a? + 417cos?6 tan? — 2 4al cos @ igne —a 2) (1+= +—sec@ cot— -) + qa? 
12 n 7 7] 


TU TU TU 
= —cot— (412cos?6 tan? —+ 4al cos @ tan—) (1 + eee @ cot— -) + q* 
n n n 2l 


2 2 2 Tt iE aE 2 2 
4l*cos“@ tan 7, + tal cosé tan~ + 2al cos @ tan + 2a +a 


( 
_ nh uf 


1 
3a? + 41*cos*6 tan? — + 6alcos @ tan— —) 
n n 


a — (3a? cot — + 41*cos?@ tan— + 6al cos @ ) 
12 


The normal height h of pyramidal flat container can be expressed in terms of slant height / & the angle Lateral 44 
of inclination @ of each trapezoidal face with the plane of base (see fig-10) Face /; 





In right ANTM, f ‘A 
eb. 
Plane of Ris - 
Figure-10: Each lateral 


snd="/, => h=lsing 


trapezoidal face is inclined with 
Setting the value of normal height h of container in terms of slant height / in expression of ene Plane Ot Rasesualranble? 


volume, we get 
nl sin @ 


IU TU 
V= (3a? cot— + 4l*cos*@ tan— + 6al cos @ ) 
12 n n 





Hence, the volume (V) of pyramidal flat container with regular n-gonal base of each side a, slant height [ & 
angle of inclination 0 of each trapezoidal face with the plane of base, is given as 
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Special case: If the angle of inclination of each trapezoidal face with the plane of base becomes 90° i.e. 
@ = 90°, then the volume of pyramidal flat container is obtained by setting @ = 90° in above formula as 


follows 
nl sin 90° TU TU 
V= —— (3a? cot— + 41cos*90° tan— + 6al cos 90° ) 
12 n n 
nl TU 
=— 2 — 
12 (3a cot ) 
= ra CO : 
1 TU 
= (<na’ cot= J h (since, h = 1sin90° = 1) 


= (Area of polygon with n no. of sides each of length a )(Normal height) 
= Volume of right prism with regular polygonal cross section of side a & height h 


The above result is true because a pyramidal flat container with lateral faces inclined at right angle with the 
plane of regular n-gonal base of side a becomes a right prism with regular n-gonal cross-section of sidea & 
height h. This result verifies the above formula of volume of pyramidal flat container. 


General steps, for making a pyramidal flat container having regular n-gonal base of each side a, slant height 1 
& angle of inclination @ of each trapezoidal face with the plane of base, using a thin sheet of paper, polymer, 
metal or alloy of desired thickness which can easily be cut, bent and butt-joined at mating edges, are as follows 


Step 1: Draw a circle with radius r = 5 cosec — & centre ‘O’ on the sheet of desired material and thickness. 


. a TU TU : Fi : - 
Step 2: Draw another circle of radius R = 5 cosec — + lsec— concentric with small circle of radius 7 on the 
n n 


sheet 


Step 3: Take aperture angle = & draw a regular polygon A,A,A3.......A,-,A, with n no. of sides each of 


length a circumscribed by the small circle of radius 7 (as shown in fig-1 above) 


Step 4: Join the vertices A,,A,,A3,.......A,_-1 & A, to the centre O by dotted straight lines which when 
extended intersect big circle at the points B,, By, Bg .......B,_, & B,. Joint these points by straight lines to get 
a big regular n-gon B, B, Bg .......B,_,B, (as shown in fig-1 above) 


Step 5: Make V-cut angle 6 = = — 2tan™+ (cos 0 tan=) at each vertex of small regular n-gon such that 6 is 


bisected by the radial line passing through that vertex (as shown in fig-2 above) 


Step 6: Mark V-cut parts & undesired area (as shaded in the fig-2 above) & cut remove undesired area from big 
circular sheet of radius R to get a blank of sheet (as shown in the fig-4 above) 


Step 7: Rotate or bend each of trapezoidal faces about the edges of regular n-gonal base A, A,A3.......An_1An 
until their new edges (generated after cutting V-parts) coincide with one another. Then butt-join the mating 
lateral edges using a suitable adhesive or welding process to get a desired pyramidal flat container (top view of 
flat container is shown in fig-5 above) 


Thus, a desired pyramidal flat container (as obtained above), with regular n-gonal base of each side a, slant 
height [ & angle of inclination 6 of each trapezoidal face with the plane of base, has the following important 
parameters 
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1. Edge length (a,) of regular n-gonal open end of pyramidal flat container, is given as 
TU 
a, =—=a+2lcos0 tan= 


2. Length (L) of each lateral edge of pyramidal flat container, is given as 


TU 
L=l [1 + cos?@ tan?— 


3. Normal height (h) of pyramidal flat container, is given as 
h = lsin@ 


4. Dihedral angle (@,,) between any two consecutive trapezoidal lateral faces of pyramidal flat container, is 
given as 


1 . : i 
0, = 2cos™ (sin 0 sin -) 
5. Total surface area (A,) of pyramidal flat container (base +lateral surface), is given as 
1 5 1U 1U 
A, =—na‘cot—+nl (a +lcos@ tan—) 
4 n n 


6. Volume (V) of pyramidal flat container, is given as 


7 nlsin@ 


18 1 
(3a? cot— + 4l*cos*@ tan — + 6alcos@ ) 
12 n n 


We will now make some typical paper-models of pyramidal flat container using general steps as mentioned 
above & the generalized formula as derived above. 


1. Pyramidal flat container with square base: Let’s make a paper model of pyramidal flat container with 
square base of each side 5.4cm , slant height 4.5 cm and each trapezoidal lateral face is inclined with the 
plane of base at an angle 65°. 


Given data: n = number of sides of square base = 4 
a = edge length of square base = 5.4 cm 
/ = slant height of pyramidal flat container = 4.5 cm 
0 = angle of inclination of each trapezoidal lateral face with the plane of base = 65° 


Following steps (as shown in pictures below) are used to make a pyramidal flat container (of desired 
dimensions) with square base using sheet of paper 


1.) Calculate radius (7) of small circle 


a m 93.4 er 
Ps seo 5 cosecT = 82cm 


Draw a circle with radius r = 3.82 cm on the sheet of paper (See fig-11) 


Figure-11: A circle of radius 3.82 cm is 


drawn on the sheet of paper 
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2.) Calculate radius (R) of big circle 


7U 7 


a 5.4 TU TU 
R= —cosec—+lsec— = —cosec—+ 4.5sec— = 10.18 cm 
2 n n 2 4. 4. 


Draw another circle of radius R = 10.18 cm concentric with small circle (See fig-12) 


Figure-12: A big circle of radius 10.18 cm 
drawn on the sheet of paper is concentric 
with small circle of radius 3.82 cm 


3.) Take aperture angle = = = = 90° & draw a square of each side a = 5.4 cm circumscribed by the small 


circle of radius r = 3.82 cm (as shown in fig-13). Join the vertices of square to the centre by dotted straight 
lines and extend these lines so as to intersect big circle of radius 10.18 cm (As shown in fig-14 below) 





Figure-14: Dotted straight lines joining the vertices of square 
to the centre are extended so as to intersect big circle of 
radius 10.18 cm 


Figure-13: A square of side 5.4 cm drawn on the sheet of paper 
is circumscribed by small circle of radius 3.82 cm 


4.) Join the points of intersection of radial lines & big circle by the straight lines to get a big square (See fig-15) 


~ 


Figure-15: A big square is obtained by joining points of 
intersection of radial lines and the big circle by straight lines. 


Application of HCR’s Theorem & Corollary 


5.) Calculate V-cut angle (6) 


21 


6 =—-—2tan! (cos @ tan—) = as — 2tan 1 (cos 65° tan—) = 44.18° 
n n 4. 4. 


Make V-cut angle 6 = 44.18° at each vertex of small square such that 6 is bisected by the radial line passing 


through that vertex (as shown in fig-16 below) & then shade the undesired area (including V-parts) which is to 


be cut-removed from big circle of radius 10.18 cm (as shown in fig-17 below). 


y 


Figure-16: V-cut angle of 44. 18° is made at each vertex of 
small square 


— AR : 
ae * 
. »~ 
if , 
Z fr N 
a =< 

A a. 
‘ PIS F4.18° 

A ‘ 

de s 

oy Ve 

wig i 
yo y, 
J Se Sf 
J Wie =~. a 
[7A 90° 
A ee ene ee =i“ + } 
\ KR 
> 
\ Ps 
VW 


Figure-17: Undesired area (including V-parts) to be cut- 
removed from big circle is shaded 


6) Cut & remove undesired area (as shaded in fig-17 above) from big circle (sheet) to get a blank of sheet (as 


shown in fig-18). Rotate the trapezoidal faces about the edges of small square (base) (as shown in fig-19 ) 





Figure-18: Blank of paper after cutting & removing undesired 


area (including V-parts) from big circle 


Figure-19: Rotating trapezoidal faces about the edges of square 
(base) which become lateral faces after meeting at the edges 
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7.) Rotate the trapezoidal faces about the edges of square (base) until 
their new edges (generated after removing V-parts) coincide & then 
butt-join the mating lateral edges using suitable adhesive to get the 
desired pyramidal flat container with square base (as shown in fig-20) 





The desired pyramidal flat container with square base has some 
important parameters which are analytically calculated by using 
generalized formula (as derived above) as follows 


Figure-20: Desired pyramidal flat container after butt- 
joining the mating lateral edges using suitable adhesive 


1. Edge length (a,) of square open end, is given as 


1 1 
a, =a+2lcosé tan— = 5.4+ 2(4.5) cos 65° tanZ = 9.203 cm 


2. Length (L) of each lateral edge, is given as 


TU TU 
Le] 1 + cos?@ tan? - = 45 i + cos?65° tan? 7" 4.885 cm 


3. Normal height (h), is given as 
h =lsin@ = 4.5 sin65° = 4.078 cm 


4. Dihedral angle (0,,) between any two consecutive trapezoidal lateral faces, is given as 
TU TU 
_ —1 ‘ n—) — —1 : a en O 
04, = 2cos (sin 6 sin -) 2 cos (sin 65 sinz) 100.29 


5. Total surface area (A, ) (base +lateral surface), is given as 


1 TU TU 1 TU TU 

oo ok eas a o = 

A, = gna cot + nl (a + lcos0 tan—) =F (4) (5.4) cotz + 4(4.5) (5.4 + 4.5cos 65 tanz) 
= 160.592cm? 


6. Volume (V), is given as 


nl sin @ TU TU 
V= (3a? cot—+ 4l*cos*@ tan—+ 6al cos @ ) 
12 n n 





_ 4(4.5) sin 65° 


2 old 2 2 O le a 
12 (3(6.4) cotz + 4(4.5)*cos*65 tan + 6(5.4)(4.5) cos 65 ) 


= 222.36 cm? 


All above values of important parameters of pyramidal flat container with square base can be verified by 
accurate and precise measurements 


2. Pyramidal flat container with regular hexagonal base: Let’s make a paper model of pyramidal flat 
container with regular hexagonal base of each side 6 cm, slant height 3.5 cm and each trapezoidal lateral face 
is inclined with the plane of base at an angle 70°. 
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Application of HCR’s Theorem & Corollary 


Given data: n = number of sides of regular hexagonal base = 6 
a = edge length of regular hexagonal base = 6 cm 
/ = slant height of pyramidal flat container = 3.5 cm 
@ = angle of inclination of each trapezoidal lateral face with plane of base = 70° 


Following steps (as shown in pictures below) are used to make a pyramidal flat container (of desired 
dimensions) with regular hexagonal base using a sheet of paper 


1.) Calculate radius (7) of small circle 


a 1U 6 1U é 
Tr =—cosec— = —cosec—=6cm 
2 n 2 6 


Draw a circle with radius r = 6 cm on the sheet of paper (See fig-21 below) 


2.) Calculate radius (R) of big circle 
a U TU 6 U U 
R= —cosec—+lsec— = —cosec—+3.5sec— = 10.04 cm 
2 n n 2 6 6 


Draw another circle of radius R = 10.04 cm concentric with small circle (See fig-22) 


Figure-21: A circle of radius 6 cm is drawn on the 


Figure-22: A big circle of radius 10.04 cm drawn on the 
sheet of naner 


sheet of paper is concentric with small circle of radius 
6cm 


3.) Take aperture angle = = = = 60° & draw a regular hexagon of each side a = 6cm circumscribed by the 


small circle of radius r = 6 cm (as shown in fig-23 below). Join the vertices of regular hexagon to the centre by 
dotted straight lines and extend these lines so as to intersect big circle of radius 10.04 cm (As shown in fig-24 
below) 
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Application of HCR’s Theorem & Corollary 


| Zor : 








Figure-24: Dotted straight lines joining the vertices of 
regular hexagon to the centre are extended so as to 


Figure-23: A regular hexagon of side6 cm drawn on the sheet of 
paper is circumscribed by small circle of radius 6 cm 
intersect big circle of radius 10.04 cm 


4.) Join the points of intersection of radial lines & big circle by the straight lines to get a big regular hexagon 


(See fig-25) 


Figure-25: A big regular hexagon is obtained by joining 
points of intersection of radial lines and the big circle by 


straight lines. 


5.) Calculate V-cut angle (6) 
21 TU 
—-—2tan! (cos 70° tan=) = 37.66° 


21 TU 
6 =—-—2tan! (cos 6 tan—) = 
n n 


Make V-cut angle 6 = 37.66° at each vertex of small regular hexagon such that 6 is bisected by the radial line 
passing through that vertex (as shown in fig-26 below) & then shade the undesired area (including V-parts) 


which is to be cut-removed from big circle of radius 10.04 cm (as shown in fig-27 below). 
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Figure-26: V-cut angle of 37.66° is made at each vertex of Figure-27: Undesired area (including V-parts) to be 
small regular hexagon removed from big circle is shaded 


6) Cut & remove undesired area (as shaded in fig-27 above) from big circle (sheet) to get a blank of paper 
sheet (as shown in fig-28 below). Rotate the trapezoidal faces about the edges of small regular hexagon (base) 


(as shown in fig-29 below) 





£ fei , 
Figure-28: Blank of paper after cutting & removing _- Figure-29: Rotating trapezoidal faces about the edges 
undesired area (including V-parts) from big circle of regular hexagon (base) which become lateral faces 
after meeting at the edges 


7.) Rotate the trapezoidal faces about the edges of regular hexagon (base) 
until their new edges (generated after removing V-parts) coincide & then 
butt-join the mating lateral edges using suitable adhesive to get the desired 
pyramidal flat container with regular hexagonal base (as shown in fig-30) 





Figure-30: Desired pyramidal flat container after 
butt-joining the mating lateral edges using suitable 
adhesive 
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Application of HCR’s Theorem & Corollary 


The desired pyramidal flat container with regular hexagonal base has some important parameters which are 
analytically calculated by using generalized formula (as derived earlier) as follows 


1. Edge length (a,) of regular hexagonal open end, is given as 


1 1 
a, =a+2lcosé tan— = 6 + 2(3.5) cos 70° tanz = 7.382 cm 


2. Length (L) of each lateral edge, is given as 


TU TU 
L=l F + cos?@ tan? 2 = 3.5 F + cos?70° tan? 72 = 3.567 cm 


3. Normal height (h), is given as 
h =lsin@ = 3.5 sin70° = 3.289 cm 


4. Dihedral angle (0,,) between any two consecutive trapezoidal lateral faces, is given as 
. . U . . i 
0, = 2cos* (sin 6 sin -) = 2cos~* (sin 70° sin=) = 123.95° 
5. Total surface area (A, ) (base +lateral surface), is given as 


1 1 1 1 TU TU 
A= gna’ cot— + nl (a + 1cos@ tan -) 7 (6) (6)"cot= + 6(3.5) (6 + 3.5cos70° tan =) 


= 234.044 cm? 
6. Volume (V), is given as 


_ nl sin 0 
42 





1 Tl 
(3a cot—+ 4l*cos*@ tan—-+ 6al cos @ ) 
n n 


7 6(3.5) sin 70° 


Z U Z 2. O - O 
—+4(3. 7 = 7 
12 (3(6) cote + 4(3.5)*cos*70 tan= + 6(6)(3.5) cos 70 ) 
= 383.925 cm? 


All the values of parameters computed above can be verified by the accurate and precise measurements 


3. Pyramidal flat container with regular pentagonal base: Let’s make a paper model of pyramidal flat 
container with regular pentagonal base of each side 5 cm , slant height 4 cm and each trapezoidal lateral face 
is inclined with the plane of base at an angle 80°. 


Given data: n = number of sides of regular pentagonal base = 5 
a = edge length of regular pentagonal base = 5 cm 
/ = slant height of pyramidal flat container = 4 cm 
0 = angle of inclination of each trapezoidal lateral face with plane of base = 80° 


Following steps (as shown in pictures below) are used to make a pyramidal flat container (of desired 
dimensions) with regular pentagonal base using a sheet of paper 
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Application of HCR’s Theorem & Corollary 


1.) Calculate radius (7) of small circle 


a To 5 tl Aoe 
r= jcosec” = 5 cosec = = 25cm 


Draw a circle with radius r = 4.25 cm on the sheet of paper (See fig-31 below) 


2.) Calculate radius (R) of big circle 


a TU TU 5 TU TU 
R= —cosec—+lsec— = —cosec—+4sec—=9.2cm 
Z n n 2 5 5 


Draw another circle of radius R = 9.2 cm concentric with small circle (See fig-31 below) 


3.) Take aperture angle = = = = 72° & draw a regular pentagon of each side a = 5 cm circumscribed by the 


small circle of radius 4.25 cm . Join the vertices of regular pentagon to the centre by dotted straight lines and 
extend these lines so as to intersect big circle of radius 9.2 cm (As shown in fig-31 below) 


4.) Join the points of intersection of radial lines & big circle by the straight lines to get a big regular pentagon 
(See fig-31 below) 


5.) Calculate V-cut angle (6) 


6 = au — 2tan! (cos a) tan—) = call —2tan! (cos 80° tan—) = 57.62° 
n n 5 5 


Make V-cut angle 6 = 57.62° at each vertex of small regular pentagon such that 6 is bisected by the radial line 
passing through that vertex (as shown in fig-31 below) & then shade the undesired area (including V-parts) 
which is to be cut-removed from big circle of radius 9.2 cm (Follow the same procedure as mentioned above) 


Figure-31: Complete drawing on the sheet of paper to make desired pyramidal 
flat container with regular pentagonal base from a circular sheet of radius 9.2 cm 
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6) Cut & remove undesired area (see fig-31 above) from big circle (sheet) to get a blank of paper sheet (as 


shown in fig-32 below). Rotate the trapezoidal faces about the edges of small regular pentagon (base) (as 
shown in fig-33 below) 





Figure-32: Blank of paper after cutting & removing Figure-33: Rotating trapezoidal faces about the edges of 
undesired area (including V-parts) from big circle regular pentagon (base) which become lateral faces 
after meeting at the edges 


7.) Rotate the trapezoidal faces about the edges of regular pentagon (base) 
until their new edges (generated after removing V-parts) coincide & then 
butt-join the mating lateral edges using suitable adhesive to get the desired 
pyramidal flat container with regular pentagonal base (as shown in fig-34) 





Figure-34: Desired pyramidal flat container after 
butt-joining the mating lateral edges using suitable 
adhesive 


The desired pyramidal flat container with regular pentagonal base has some important parameters which are 
analytically calculated by using generalized formula (as derived earlier) as follows 


1. Edge length (a,) of regular pentagonal open end, is given as 
TU TU 
a, =a+2lcosd@ tan— = 5 + 2(4) cos 80° tane =6cm 


2. Length (L) of each lateral edge, is given as 
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Application of HCR’s Theorem & Corollary 


TU TU 
i=] F + cos?0 tan*— =f. F + cos280° tan? 5 = 4.032 cm 


3. Normal height (h), is given as 
h =lsin@ = 4sin80° = 3.939 cm 


4. Dihedral angle (0,,) between any two consecutive trapezoidal lateral faces, is given as 


Tl 1 
— =1 : To. ee =1 : 0 coin |) — O 
0, = 2cos (sin 6 sin ~) = 2cos (sin 80° sin =) = 109.26 


5. Total surface area (A, ) (base +lateral surface), is given as 


1 TU 1 1 TU TU 
A, = qn a*cot— + nl (a + lcos 6 tan—) = ra (5)*cot= + 5(4) (5 + 4cos 80° tan=) 


= 153.105 cm? 
6. Volume (V), is given as 


nl sin @ 1 TU 
V= (3a? cot— + 4l*cos*@ tan—+ 6al cos @ ) 
12 n n 





7 5(4) sin 80° 


2 ae z Zz O sli O 
12 (3(5) cots + 4(4)“cos*80 tan~ + 6(5)(4) cos 80 ) 
= 205.937 cm? 


All above values of important parameters of pyramidal flat container with regular pentagonal base can be 
verified by accurate and precise measurements. 


4. Pyramidal flat container with regular heptagonal base: Let’s make a paper model of pyramidal flat 
container with regular heptagonal base of each side 4 cm , slant height 4 cm and each trapezoidal lateral face 
is inclined with the plane of base at an angle 110°. 


Given data: n = number of sides of regular heptagonal base = 7 
a = edge length of regular heptagonal base = 4 cm 
/ = slant height of pyramidal flat container = 4 cm 
0 = angle of inclination of each trapezoidal lateral face with plane of base = 110° 


Following steps (as shown in pictures below) are used to make a pyramidal flat container (of desired 
dimensions) with regular heptagonal base using a sheet of paper 


1.) Calculate radius (7) of small circle 


a i | 
ea i 7 cosec > = 61cm 


Draw a circle with radius r = 4.61 cm on the sheet of paper (See fig-35 below) 
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2.) Calculate radius (R) of big circle 
a TU TU 4. TU U 
R= -—cosec—+lsec— = —cosec—+ 4sec— = 9.05cm 
2 n n 2 7 7 


Draw another circle of radius R = 9.05 cm concentric with small circle (See fig-35 below) 


3.) Take aperture angle = = = = 51.43° & draw a regular heptagon of each side a = 4.cm circumscribed by 


the small circle of radius 4.61 cm . Join the vertices of regular heptagon to the centre by dotted straight lines 
and extend these lines so as to intersect big circle of radius 9.05 cm (As shown in fig-35 below) 


4.) Join the points of intersection of radial lines & big circle by the straight lines to get a big regular heptagon 
(See fig-35 below) 


5.) Calculate V-cut angle (6) 
6 = al — 2tan! (cos @ tan —) = a — 2tan+ (cos 110° tan -) = 70.13° 
n n 7 7 


Make V-cut angle 6 = 70.13° at each vertex of small regular heptagon such that 6 is bisected by the radial line 
passing through that vertex (as shown in fig-35 below) & then shade the undesired area (including V-parts) 
which is to be cut-removed from big circle of radius 9.05 cm (Follow the same procedure as mentioned above) 


Vi 
— 
t 


Figure-35: Complete drawing on the sheet of paper to make desired pyramidal flat 
container with regular heptagonal base from a circular sheet of radius 9.05 cm 
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6) Cut & remove undesired area (see fig-35 above) from big circle (sheet) to get a blank of paper sheet (as 
shown in fig-36 below). Rotate the trapezoidal faces about the edges of small regular heptagon (base) (as 


shown in fig-37 below) 





Figure-36: Blank of paper after cutting & removing Figure-37: Rotating trapezoidal faces about the 
undesired area (including V-parts) from big circle edges of regular heptagon (base) which become 
lateral faces after meeting at the edges 


7.) Rotate the trapezoidal faces about the edges of regular heptagon (base) 
until their new edges (generated after removing V-parts) coincide & then butt- 
join the mating lateral edges using suitable adhesive to get the desired 
pyramidal flat container with regular heptagonal base (as shown in fig-38) 





Figure-38: Desired pyramidal flat container after 
butt-joining the mating lateral edges using 
suitable adhesive 


The desired pyramidal flat container with regular heptagonal base has some important parameters which are 
analytically calculated by using generalized formula (as derived earlier) as follows 


1. Edge length (a,) of regular heptagonal open end, is given as 


1 U 
a, =a+2lcosé tan— = 4+ 2(4) cos 110° tan— = 2.682 cm 


2. Length (L) of each lateral edge, is given as 
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TU TU 
y=] F + cos*6 tan*— = 4 F + cos7110° tan* > = 4.054cm 


3. Normal height (h), is given as 
h=Isin@ = 4sin110° = 3.759 cm 
4. Dihedral angle (0,,) between any two consecutive trapezoidal lateral faces, is given as 
0, = 2cos* (sin 6 sin -) = 2cos~* (sin 110° sing) = 131.88° 
5. Total surface area (A, ) (base +lateral surface), is given as 
A.= 2, ee + nl (a + lcos0@ tan —-) = 7) (4)2cot— + 7(4) (4 + 4cos 110° tan —) 
4 n n 4 7 7 


= 151.695 cm? 
6. Volume (V), is given as 


nl sin @ 1 TU 
V= (3a? cot— + 4l*cos*@ tan—+ 6al cos @ ) 
12 n n 





7 7(4) sin 110° 


1 i 

4)? —+ 4(4)*cos7110° — 4)(4 110° 
12 (3( ) cotT + (4)*cos“110 tan> + 6( )(4) cos ) 
= 154.458 cm? 


All above values of important parameters of pyramidal flat container with regular heptagonal base can be 
verified by accurate and precise measurements. 


5. Pyramidal flat container with regular octagonal base: Let’s make a paper model of pyramidal flat 
container with regular octagonal base of each side 4 cm , slant height 4 cm and each trapezoidal lateral face is 
inclined with the plane of base at an angle 60°. 


Given data: n = number of sides of regular octagonal base = 8 
a = edge length of regular octagonal base = 4 cm 
/ = slant height of pyramidal flat container = 4 cm 
0 = angle of inclination of each trapezoidal lateral face with plane of base = 60° 


Following steps (as shown in pictures below) are used to make a pyramidal flat container (of desired 
dimensions) with regular octagonal base using a sheet of paper 


1.) Calculate radius (7) of small circle 


a i Peo 
ea ie 7 c0sec eS = 23cm 


Draw a circle with radius r = 5.23 cm on the sheet of paper (See fig-39 below) 
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2.) Calculate radius (R) of big circle 


a TU TU 4. TU U 
R= -—cosec—+lsec— = —cosec—+ 4sec—=9.55cm 
2 n n 2 8 8 


Draw another circle of radius R = 9.55 cm concentric with small circle (See fig-39 below) 


3.) Take aperture angle = = = = 45° & draw a regular octagon of each side a = 4cm circumscribed by the 


small circle of radius 5.23 cm . Join the vertices of regular octagon to the centre by dotted straight lines and 
extend these lines so as to intersect big circle of radius 9.55 cm (As shown in fig-39 below) 


4.) Join the points of intersection of radial lines & big circle by the straight lines to get a big regular octagon 
(See fig-39 below) 


5.) Calculate V-cut angle (6) 


6 = a —2tan! (cos @ tan —) a all — 2tan! (cos 60° tan =) = 21.6° 
n n 8 8 


Make V-cut angle 6 = 21.6° at each vertex of small regular octagon such that 6 is bisected by the radial line 


passing through that vertex (as shown in fig-39 below) & then shade the undesired area (including V-parts) 
which is to be cut-removed from big circle of radius 9.55 cm (Follow the same procedure as mentioned above) 


Figure-39: Complete drawing on the sheet of paper to make desired pyramidal flat 
container with regular octagonal base from a circular sheet of radius 9.55 cm 


Copyright©3-D Geometry by H. C. Rajpoot 


Application of HCR’s Theorem & Corollary 


6) Cut & remove undesired area (see fig-39 above) from big circle (sheet) to get a blank of paper sheet (as 
shown in fig-40 below). Rotate the trapezoidal faces about the edges of small regular octagon (base) (as shown 


in fig-41 below) 





Figure-40: Blank of paper after cutting & removing Figure-41: Rotating trapezoidal faces about the edges 
undesired area (including V-parts) from big circle of regular octagon (base) which become lateral faces 
after meeting at the edges 


7.) Rotate the trapezoidal faces about the edges of regular octagon (base) 
until their new edges (generated after removing V-parts) coincide & then 
butt-join the mating lateral edges using suitable adhesive to get the desired 
pyramidal flat container with regular octagonal base (as shown in fig-42) 





Figure-42: Desired pyramidal flat container after 
butt-joining the mating lateral edges using suitable 
adhesive 


The desired pyramidal flat container with regular octagonal base has some important parameters which are 
analytically calculated by using generalized formula (as derived earlier) as follows 


1. Edge length (a,) of regular octagonal open end, is given as 


is 1 
a, =a+2lcosé tan— = 4+ 2(4) cos 60° tans = 5.657 cm 


2. Length (L) of each lateral edge, is given as 
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Application of HCR’s Theorem & Corollary 


TU TU 
i=] F + cos?0 tan*— =f. F + cos?60° tan? 8 = 4.085 cm 


3. Normal height (h), is given as 
h =lsin@ = 4sin60° = 3.464 cm 


4. Dihedral angle (0,,) between any two consecutive trapezoidal lateral faces, is given as 


1 Tl 
— =1 : a = : 0 cin—) — O 
0, = 2cos (sin 6 sin ~) = 2cos (sin 60° sin 5) = 141.29 


5. Total surface area (A, ) (base +lateral surface), is given as 
A. = oy fae + nl (a + lcos0 tan—-) = * (8) (4)2cot— + 8(4) (4 + 4cos 60° tan —) 
5 4 n ni 4 8 8 


= 231.764 cm? 
6. Volume (V), is given as 


nl sin @ 1 TU 
V= (3a? cot— + 4l*cos*@ tan—+ 6al cos @ ) 
12 n n 





7 8(4) sin 60° 


1 i 
4)? cot + 4(4)?cos?60° tan— + 6(4)(4 0 
12 (3( ) cote + (4)*cos*60 tans + 6( )(4) cos 60 ) 


= 393.775 cm? 


The area of circular sheet of radius 9.55 cm removed as scrap, is equal to the difference of area of circular 
sheet and the total surface area of container which is given as 


= 1(9.55)* — 231.764 
= 54.757 cm? 


The percentage (%) of total area of circular sheet used to make pyramidal flat container with regular octagonal 
base is 


Total surface area of container 
= x 100 % 
Area of circular sheet of radius 9.55 cm 


_ 231.764 


—AOss2 


= 80.89 % 


All above values of important parameters of pyramidal flat container with regular octagonal base can be 
verified by accurate and precise measurements. 


So far, we have derived generalized formula & discussed in details the method to make pyramidal flat 
container with regular n-gonal base. Applying the same approach & method as in case of pyramidal flat 
container, we will derive generalized formula & discuss in details the method to make right pyramid with 
regular n-gonal base. 
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Right pyramid (shell) with regular n-gonal base: We know that all the triangular lateral faces of a right 
pyramid intersect each other at the apex. If we rotate all the trapezoidal lateral faces of a pyramidal flat 
container about the edges of its regular n-gonal base through an equal angle in such a way that all the lateral 
faces meet at a single point (i.e. apex) then a pyramidal flat container (having slant height / & edge length of 
regular n-gonal base a and an angle @ (measured externally) of inclination of each lateral face with the plane 
of base) becomes a right pyramid (having slant height /, regular n-gonal base of edge length a & an angle 0 
(measured externally) of inclination of each lateral face with the plane of base). In this case, each trapezoidal 
lateral face of pyramidal flat container becomes an isosceles triangular lateral face of right pyramid (See fig-43 
below) 


Angle of inclination (@) of each isosceles triangular lateral face with the plane of regular n-gonal 
base of right pyramid: 


We know that edge length (a, ) of regular n-gonal open end of pyramidal flat container is given as 
TU 
a, =at+2lcosé tan— 


Now, in order to make all the trapezoidal lateral faces of flat container meet ata_ , as , Q1=0 
. : : Stet tees corer ty ht econo 
point, rotate all the lateral faces about the edges of its base through an angle @ in 
such a way that each trapezoidal lateral face of pyramidal flat container becomes an 
isosceles triangular lateral face of right pyramid i.e. the edge length a, of trapezoidal —, 





lateral face must be zero i.e. a, = O (as shown in fig-43) s : 
Ka k— 4 ——— 
Trapezium Triangle 
Figure-43: A trapezoidal lateral face of flat 
container becomes a triangular lateral face 


7 
- a+ 2lcosé a = 0 of right pyramid when edge length a, = 0 


TU 
2lcos@ tan—=-—a 
n 
; —a 
cos@ = —— 
21 tan 
n 
cos@ = “* Bee (- ve sign indicates that <O< 1) 
2 n 5 Z 


0 =m-—cos? (| cot) 


Hence, the angle of inclination of each isosceles triangular lateral face (8), measured externally with the 


plane of regular n-gonal base with each side a in a right pyramid of slant height lJ, is given as 





The above formula is very important for computing the angle of inclination of isosceles triangular lateral face 
with the plane of regular n-gonal base of right pyramid when number of sides n & edge length a of regular n- 
gonal base and slant height / are known. 
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V-cut angle (6) required to make right pyramid with regular n-gonal base from a circular sheet: 


Substituting cos@ = = cot— in generalized formula of V-cut angle for pyramidal flat container with regular n- 


gonal base, V-cut angle 6 required to cut remove V-parts & rotate each two co-planar planes about their 
intersecting straight edges i.e. edges of regular n-gonal base of right pyramid is obtained as follows 


21 TU 
6 =—-—2tan! (cos @ tan —) 
n n 


tT 
— cot—tan -) (setting the value of cos @) 


Hence, V-cut angle 6 required to cut remove V-parts & rotate each two co-planar planes about their 
intersecting straight edges i.e. edges of regular n-gonal base of right pyramid, is given as 


Length (L) of each lateral edge of right pyramid: Substituting cos@ = cot— in generalized formula for 


length of lateral edge of pyramidal flat container, the length of each lateral edge of a right pyramid with 
regular n-gonal base, is obtained as follows 


TU 
C=] /1 + cos?6 tan? — 


(setting the value of cos @) 





Lj1+ . nee 7 
= —, COt* —tan* — 
4|2 n n 


Above result can also be derived by Pythagorean Theorem. 


Hence, the length (L) of each lateral edge of a right pyramid with slant height / & regular n-gonal base of 
each side a, is given as 
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Normal height (h) of right pyramid: Substituting cos@ = 7 cot— in generalized formula for normal 


height of pyramidal flat container with regular n-gonal base, the normal height of a right pyramid with regular 


n-gonal base, is obtained as follows 


h=I1sin@ =1 V1 -—cos?6é 


(setting the value of cos @) 





Hence, the normal height (h) of a right pyramid with slant height | & regular n-gonal base of each side a, is 


given as 





Dihedral angle (8,) between any two consecutive lateral faces of right pyramid: Substituting 


cos9 = a cot— in generalized formula of dihedral angle for pyramidal flat container with regular n-gonal 


base, the dihedral angle between any two consecutive lateral faces of a right pyramid with regular n-gonal 


base, is obtained as follows 


—1 . . 7 
sin @ sin —) 
n 


(setting the value of cos @) 








Hence, the dihedral angle (@,,) between any two adjacent lateral faces of a right pyramid with slant height l 
& regular n-gonal base of each side a, is given as 
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Application of HCR’s Theorem & Corollary 


Total surface area (A,) of right pyramid (base + lateral surface): Substituting cos@ = 7 cot— in 


generalized formula for total surface area of pyramidal flat container with regular n-gonal base, the total 
surface area of a right pyramid with regular n-gonal base, is obtained as follows 


Ae 2 2. 1( +] Ot ~) 
.- a ras NtL|\ a COS oa 


ee t—+ 1( +1(— t—) t ~) (setting the value of cos @) 
| n 
Paes CO A nlte|\| a 7] CO = le setting the value OF COs 


1 1 a 
ee 2 — = = 
=e oC + nl (a 5) 
er t—+ (5 7 
=gnacot tn|Fa 
= Area of regular polygonal base + Area of lateral surface 


Hence, the total surface area (A,) (base + lateral surface) of a right pyramid with slant height / & regular n- 


gonal base of each side a, is given as 


Volume (V) of right pyramid: Substituting cos@ = " col in generalized formula for volume of pyramidal 


flat container with regular n-gonal base, the volume of a right pyramid with regular n-gonal base, is obtained 
as follows 





nl sin @ TU TU 
= (3a? cot— + 412cos@ tan— + 6al cos @ ) 
12 n n 
nl TU TU 
= —,/1—cos20 (3a” cot— + 4l%cos*@ tan—+ 6al cos @ ) 
12 n n 
TL\ 2 ‘D —a TL\ 2 TU —a TU 
_ _ 2 oa 2. ae ae a _— 
= cot—) (3a cot— + 4l (=, cot—) tan— + 6al ( 1 cot) } 






2 


a 1U ; U ; U ; 1U 
1 -— cot?—(3a cot—+ a‘ cot— — 3a cot— } 
4l n n n n 





1 
=e x (Area of regular polygonal base) x (Normal height) 


Hence, the volume (V) of a right pyramid with slant height l & regular n-gonal base of each side a, is given as 
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Application of HCR’s Theorem & Corollary 


General steps, for making a right pyramid having regular n-gonal base of each side a, slant height J, using a 
thin sheet of paper, polymer, metal or alloy of desired thickness which can easily be cut, bent and butt-joined 
at mating edges, are the same as that of making a pyramidal flat container (as discussed above in details) but 
there is also an alternative & easier way to make a right pyramid with desired dimensions as follows 


Step 1: Draw a circle with radius r = = cosec — & centre ‘O’ on the sheet of desired material and thickness. 


F is a TU TU - ; : . 
Step 2: Draw another circle of radius R = 5 cosec — + lsec— concentric with small circle of radius r on the 


sheet 


Step 3: Take aperture angle = & draw a regular polygon A,A,A3.......A,_-,A, with n no. of sides each of 


length a circumscribed by the small circle of radius 7 (as shown in fig-44 below) 


Step 4: Join the vertices A,,A,,A3,.......A,_-; & A, to the centre O by dotted straight lines which when 
extended intersect big circle at the points B,, By, Bg .......B,_, & B,. Joint these points by straight lines to get 
a big regular n-gon B, B, Bg .......B,_,B, (as shown in fig-44 below) 


Step 5: Make V-cut angle 6 = = + 2tan7! (=) at each vertex of small regular n-gon such that 6 is bisected by 


the radial line passing through that vertex (as shown in fig-45) or 


alternatively join the mid-point of each side of big regular n-gon to two closest vertices of small regular n-gon 
to get the same drawing 





Figure-44: Small regular n-gon is circumscribed Figure-45: V-cut angle is made at each vertex 
by circle of radius r & big regular n-gon is of small regular n-gon to cut remove 
obtained by joining points of intersection of undesired area from big circle of radius R 


extended radial lines and the big circle. 


Step 6: Mark V-cut parts & undesired area (as shaded in the fig-46 below) & cut remove undesired area from 
big circular sheet of radius R to get a blank of sheet (as shown in the fig-47 below) 





Figure-47: Blank of sheet after cut- 


Figure-46: Undesired area to be cut removing undesired area 


removed is shaded 
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Application of HCR’s Theorem & Corollary 


Step 7: Rotate or bend each of triangular faces about the edges of regular n-gonal base A, A,A3.......A,_1An 
until their new edges (generated after cutting V-parts) coincide with one another & meet at apex. Then butt- 
join the mating lateral edges using a suitable adhesive or welding process to get a desired right pyramid 


Thus, a desired right pyramid (as obtained above) with regular n-gonal base of each side a & slant height l, 
has the following important parameters 


1. Length (L) of each lateral edge of right pyramid, is given as 


L= r+(S) 


2. Normal height (h) of right pyramid, is given as 





3. Angle of inclination (@) of each isosceles triangular lateral face with the plane of regular n-gonal base ,is 
given as 


8 =m-cos ! (= cot—) 


4. Dihedral angle (0,,) between any two consecutive lateral faces of right pyramid, is given as 





5. Total surface area (A,) of right pyramid (base + lateral surface), is given as 


1 1U 1 
A, =—~na’*cot—+n (5 al) 
n 2 


4 


6. Volume (V) of right pyramid, is given as 





We will now make a paper-model of right pyramid using general steps as mentioned above & the generalized 
formula as derived above. 


Right pyramid (shell) with regular octagonal base: Let’s make a paper model of right pyramid with 
regular octagonal base of each side 3 cm & slant height 5 cm 


Given data: n = number of sides of regular octagonal base = 8 
a = edge length of regular octagonal base = 3 cm 


/ = slant height of right pyramid = 5 cm 
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Application of HCR’s Theorem & Corollary 


Following steps (as shown in pictures below) are used to make a right pyramid (of desired dimensions) with 


regular octagonal base using a sheet of paper 


1.) Calculate radius (7) of small circle 


a tT 3 E 569 
Pe 5 c08eC = 7 coset a = 92cm 


Draw a circle with radius r = 3.92 cm on the sheet of paper (See fig-48) 


2.) Calculate radius (R) of big circle 


Figure-48: Two concentric circles 
of radii 3.92 cm & 9.33 cm are 
drawn on the sheet of paper 


a TU Tl 3 TU TU 
R= -cosec—+lsec— = -cosec—+ 5sec— = 9.33 cm 
2 n n 2 8 8 


Draw another circle of radius R = 9.33 cm concentric with small circle (See fig-48) 


3.) Take aperture angle = = = = 45° & draw a regular octagon of each side a = 3 cm circumscribed by the 


small circle of radius 3.92 cm (As shown in fig-49 below) . Join the vertices of regular octagon to the centre by 
dotted straight lines and extend these lines so as to intersect big circle of radius 9.33 cm (As shown in fig-50 


below) 


a, 


Figure-49: A regular octagon of side 3 cm drawn on_ Figure-50: Dotted straight lines joining the vertices of 
the sheet of paper is circumscribed by small circle of regular octagon to the centre are extended so as to 
radius 3.92 cm intersect big circle of radius 9.33 cm 


4.) Join the points of intersection of radial lines & big circle by the straight om 
lines to get a big regular octagon (See fig-51 below) 


™ 


ree 


Figure-51: A big regular octagon is obtained by 
joining points of intersection of radial lines and 
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Application of HCR’s Theorem & Corollary 


5.) Calculate V-cut angle (4) 


Raney 1(2) = 2 = : ) = 78.49 
A i 8 oaks Old) meee 


Make V-cut angle 6 = 78.4° at each vertex of small regular octagon such that 6 is bisected by the radial line 
passing through that vertex (as shown in fig-52 below) & then shade the undesired area (including V-parts) 
which is to be cut-removed from big circle of radius 9.33 cm (as shown in fig-53 below) 


ae =, rT 

; 

—t 7 > 
‘ ‘ ' ui 
a . ' ‘ \ 
. ‘ 
| 
\ 


& > » > 
> t 
K SK | S 
/ tae 
/ 145 +5” 
/ ~~ 
| 
\ \ Ss ' 
Pe | es 





“S ease 
Figure-52: V-cut angle of 78. 4° is made at each vertex Figure-53: Undesired area (including V-parts) to be 
of small regular octagon cut-removed from big circle is shaded 


6) Cut & remove undesired area (as shaded in fig-53 above) from big circle (sheet) to get a blank of sheet (as 
shown in fig-54). Rotate all the isosceles triangular faces about the edges of small regular octagon (base) (as 


shown in fig-55) 





Figure-54: Blank of paper after cutting & removing _ Figure-55: Rotating isosceles triangular faces about the 
undesired area (including V-parts) from big circle edges of regular octagon (base) which become lateral 
faces after meeting at the edges 
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Application of HCR’s Theorem & Corollary 


7.) Rotate the isosceles triangular faces about the edges of regular 
octagon (base) until their new edges (generated after removing V-parts) 
coincide & then butt-join the mating lateral edges using suitable 
adhesive to get the desired right pyramid with regular octagonal base (as 
shown in fig-56) 





Figure-56: Desired right pyramid after butt-joining the 
mating lateral edges using suitable adhesive 


The desired right pyramid with regular octagonal base has some important parameters which are analytically 
calculated by using generalized formula (as derived above) as follows 


1. Length (L) of each lateral edge of right pyramid, is given as 


2 


L= {l?@+ (4) = |(5)4 + (5) =5.22cm 


2. Normal height (h) of right pyramid, is given as 






3)? 1 
(5)2 cot? = 3.448 cm 





3. Angle of inclination (@) of each isosceles triangular lateral face with the plane of base ,is given as 





TU 
cot] = 136.41° 


a 
@ =m-—cos ! (= cot—) = m—cos™ (— z 


21 


4. Dihedral angle (0,,) between any two consecutive lateral faces of right pyramid, is given as 






TU 32 


7U 
sin 8 = 4(5)2 cos? 8 = 149.4° 





5. Total surface area (A, ) of right pyramid (base + lateral surface), is given as 
1 TU 1 1 TU 1 
ree zZ = _ —_—e 2 aa = = 2 
A. gna cot +n (; al) 4 (8) (3) cots +8 (- (9) 103.456 cm 
6. Volume (V) of right pyramid, is given as 


1U 1 1U 
_ 2 _ 
7 (8)(3)* cot 
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Application of HCR’s Theorem & Corollary 


All above values of important parameters of right pyramid with regular octagonal base can be verified by 
accurate and precise measurements. 


Polyhedron with two regular n-gonal and 2n trapezoidal faces:. So far, we have analysed in details the 
pyramidal flat container with regular n-gonal base & trapezoidal lateral faces. If we butt-join two identical 
pyramidal flat containers (having regular n-gonal base) at the edges of their regular n-gonal open ends then we 
get a closed surface i.e. a polyhedron with two regular n-gonal and 2n trapezoidal faces (A polyhedron is 
shown in fig-57 below). All the important parameters, like edge length, dihedral angle, surface area and the 
volume of polyhedron with two regular n-gonal and 2n trapezoidal faces, can be determined by using 
generalized formula for pyramidal flat container with regular n-gonal base as derived earlier. 


Thus we can make a desired polyhedron with 2 regular n-gonal and 2n trapezoidal faces by joining two 
identical pyramidal flat containers at the edges of their open ends i.e. one pyramidal flat container is inverted 
(upside down) over the other identical one (upright) such that the edges of their regular n-gonal open-ends 
coincide then the mating edges are butt-joined to get e desired polyhedron (as shown in fig-57) 





Figure-57: A paper model of polyhedron with two regular pentagonal and 
ten trapezoidal faces is made by butt-joining two identical pyramidal flat 
containers, with regular pentagonal base, at the edges of their regular 
pentagonal open-ends 


All the drawings & the models shown above had been made manually by the author himself @IIT Delhi & 
are subject to copyright owned by Mr H. C. Rajpoot. 


Note: Above articles had been derived & illustrated by Mr H.C. Rajpoot (M Tech, Production Engineering) 
Indian Institute of Technology Delhi 10 September, 2019 
Email:hcrajpoot.iitd@gqmail.com 
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